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In the study of quantum nonlocality, one obstacle is that the analytical criterion for identifying
the boundaries between quantum and postquantum correlations has not yet been given, even in
the simplest Bell scenario. We propose a plausible, analytical, necessary and sufficient condition
ensuring that a nonlocal quantum correlation in the simplest scenario is an extremal boundary
point. Our extremality condition amounts to certifying an information-theoretical quantity; the
probability of guessing a measurement outcome of a distant party optimized using any quantum
instrument. We show that this quantity can be upper and lower bounded from any correlation in a
device-independent way, and we use numerical calculations to confirm that coincidence of the upper
and lower bounds appears to be necessary and sufficient for the extremality.
Since Einstein, Podolsky and Rosen proposed a para-
dox [1] in 1935, quantum nonlocality has been a central
topic in fundamental science. In 1964, Bell showed that
the nonlocal correlations predicted by quantum mechan-
ics are inconsistent with local realism [2]. The nonlo-
cal correlations do not contradict the no-signaling prin-
ciple, but it was later found that the strength of quantum
correlations is more restricted than that allowed by the
no-signaling principle [3, 4]. Since then, many efforts
have been made to determine the fundamental princi-
ples limiting quantum nonlocality [5–8]. In these studies,
however, one serious obstacle is that the analytical crite-
rion for identifying the boundaries between quantum and
postquantum correlations has not yet been given, even in
the simplest Bell scenario.
In the simplest Bell scenario, where two remote par-
ties, Alice and Bob, each perform two binary measure-
ments on a shared quantum state, Tsirelson showed that
the Bell inequality of the Clauser-Horne-Shimony-Holt
(CHSH) type [9] is violated up to 2
√
2 by quantum cor-
relations [3]. The correlation attaining the Tsirelson
bound is an extremal point of the convex set of quan-
tum correlations. When marginal probabilities of obtain-
ing the measurement outcomes are unbiased, the bound-
aries are identified using the Tsirelson-Landau-Masanes
(TLM) analytical criterion [10–12]. In a general case
where marginals may be biased, several methods work
for identifying the boundaries, such as the Navascue´s-
Pironio-Ac´ın (NPA) hierarchy [13, 14], the see-saw iter-
ation algorithm [15, 16], and the quantifier elimination
algorithm [17], but obtaining the analytical criterion is a
long-standing open problem. Recently, it was shown that
the geometry of the quantum set has rich and counter-
intuitive features [18]; specifically, contrary to the case
of unbiased marginals, flat (i.e., non-extremal) bound-
aries made from nonlocal correlations exist (other than
the edges of the probability space), which indeed tells us
the difficulty of the problem. Therefore, it is reasonable
and worthwhile to determine the analytical criterion for
identifying extremal points, instead of full boundaries, as
the quantum set is a convex hull of extremal points.
In this paper, we propose a plausible, analytical, nec-
essary and sufficient condition ensuring that a nonlocal
quantum correlation is extremal. To this end, we fo-
cus on the optimal probability of guessing a measure-
ment outcome of a distant party, which was shown to
play a crucial role in constraining quantum correlations
[19]. We show that the guessing probability can be up-
per and lower bounded from any correlation in a device-
independent way, and as a result when the upper and
lower bounds coincide, the guessing probability can be
certified (i.e., uniquely determined irrespective of details
when realizing a correlation). We use numerical calcula-
tions to confirm that this certifiability condition appears
to be necessary and sufficient for the extremality.
To begin with, let us briefly summarize preliminaries.
For details, see [5] and the references therein. In the sim-
plest Bell scenario, Alice (Bob) performs a measurement
on a shared state depending on a given bit x (y) and
obtains an outcome a = ±1 (b = ±1). We can assume
without loss of generality that they perform projective
measurements on a pure state |ψ〉. The properties of a
nonlocal correlation are described by a set of conditional
probabilities p= {p(ab|xy)}. The set p specifies a point
in the probability space, whereas a Bell inequality, which
has the form
∑
abxy Vabxyp(ab|xy)≤ c, specifies a hyper-
plane in the probability space. The left-hand side of the
Bell inequality is called the Bell expression. Let Ax (By)
be the observable of Alice’s (Bob’s) projective measure-
ments, which satisfy A2x=B
2
x=I. Due to the no-signaling
condition such that the marginal p(a|x) and p(b|y) does
not depend on y and x, respectively, all Bell expression
can be recast, without loss of generality, in the form
B =
∑
x
V Ax 〈Ax〉+
∑
y
V By 〈By〉+
∑
xy
Vxy〈AxBy〉, (1)
where 〈· · · 〉 is the abbreviation of 〈ψ| · · · |ψ〉. The set of
local correlations is tightly enclosed by facet Bell inequal-
ities, all of which are the CHSH type, together with the
positivity constraints p(ab|xy)≥0. As a result,
CCHSH = max |〈A0B0〉+〈A0B1〉+〈A1B0〉−〈A1B1〉| (2)
2exceeds 2 if and only if the correlation is nonlocal, where
the maximization is taken over the four positions of the
minus sign in the CHSH expression. A local correlation
is an extremal point of the quantum set if and only if it
is a deterministic correlation. In this paper, therefore,
we exclusively consider extremal correlations made from
a nonlocal quantum correlation.
Let us then recall the bound on nonlocality in terms
of the guessing probability [19], i.e.,
∑
xy
sxuxy(−1)xy〈AxBy〉 ≤
[∑
x
s2x(D
B
x )
2
]1/2
. (3)
Any quantum realization must satisfy this inequality for
any real sx and uxy such that u00u01 = u10u11 and∑
xy u
2
xy = 1. The quantity D
B
x describes the guessing
probability; Bob’s optimal probability of guessing Alice’s
outcome a is (1+DBx )/2 (when Bob’s conditional states
are pure). The precise definition is given by Eq. (6) be-
low. The necessary and sufficient condition for the ful-
fillment of Eq. (3) and of the complement inequality in
terms of Alice’s guessing probability (∀sx, uxy) is∣∣∣C˜00C˜01 − C˜10C˜11∣∣∣ ≤ (1− C˜200)1/2(1− C˜201)1/2
+(1− C˜210)1/2(1 − C˜211)1/2 (4)
for both C˜xy = 〈AxBy〉/DBx and C˜xy = 〈AxBy〉/DAy [19].
When C˜xy = 〈AxBy〉, Eq. (4) reproduces the TLM in-
equality, and the saturation is necessary and sufficient
for the extremality of nonlocal quantum correlations in
the case of unbiased marginals (〈Ax〉=〈By〉=0) [18, 20].
Therefore, Eq. (4) is said to be the scaled TLM inequal-
ity, as the correlation function 〈AxBy〉 is scaled by DBx
and DAy . As preliminarily mentioned in [19], every ex-
tremal correlation including the case of biased marginals
appears to saturate the scaled TLM inequality, whose
numerical evidence is explicitly shown later. However, it
was also shown that the saturation alone is insufficient
for identifying the extremality.
To search for a complete set of conditions, let us focus
on the fact that, for a given {〈AxBy〉, 〈Ax〉, 〈By〉}, the
upper bounds of DBx and D
A
y can also be determined
irrespective of the details of the realizations. This can be
done by using the method based on the NPA hierarchy
[13, 14] as follows: Let us consider the states of |Ax〉 ≡
Ax|ψ〉 and |By〉 ≡ By|ψ〉. In addition, |X〉 ≡ X |ψ〉 is
introduced to obtain the bound of DBx , where X is any
Hermitian operator on Bob’s side that satisfies 〈X |X〉=
1. The Gram matrix Γ of the states {|ψ〉, |Ax〉, |By〉, |X〉}
has the form
Γ =


1 〈A0〉 〈A1〉 〈B0〉 〈B1〉 γ16
1 γ23 〈A0B0〉 〈A0B1〉 γ26
1 〈A1B0〉 〈A1B1〉 γ36
1 γ45 γ46
1 γ56
1

 (5)
where only the upper triangular part is shown. Since
DBx = max
〈ψ|X2|ψ〉=1
〈ψ|AxX |ψ〉 = max
〈X|X〉=1
〈Ax|X〉, (6)
the upper bound of DB0 (D
B
1 ) is obtained by maximizing
γ26 (γ36) under the constraint that the real symmetric
matrix Γ is positive semidefinite. Here, the maximiza-
tions of γ26 and γ36 are done separately. However, this
method, corresponding to the lowest level of the NPA
hierarchy, does not work well, as |X〉= |Ax〉 is always a
solution and the maximum cannot be less than 1. Let
us then move on to the next 1+AB level of the NPA
hierarchy. Namely, let us further introduce AxBy|ψ〉
and AxX |ψ〉, and construct the 12× 12 Gram matrix
(with constraints between the matrix elements). Then,
the bounds less than 1 can be obtained (mainly numeri-
cally, though). The upper bounds of DAy are obtained in
the same way. Throughout this paper, these bounds are
called device-independent upper bounds.
Now, consider a realization such that DBx and D
A
y co-
incide with the device-independent upper bounds, and
further saturates Eq. (3) for an appropriate choice of sx
and uxy, hence saturating Eq. (4). Such a correlation
has a significant property: DBx and D
A
y are unique irre-
spective of the realizations, as they are tightly bounded
from above and below. Namely, they can be certified
from {〈AxBy〉, 〈Ax〉, 〈By〉}, as of the certification of, e.g.,
randomness [21]. Note that, even in this time, By itself
generally does not coincide with an optimal operator for
guessing the outcome of Ax, and vice versa (see Appendix
C in [19]). This certifiability of DBx and D
A
y , despite that
they depend on the state and the measurements, may
implicitly imply that the realization is unique up to local
isometry, i.e., the realization can be self-tested [22], as
in the case of unbiased marginals where every nonlocal
boundary correlation self-tests the maximally entangled
state [20]. Therefore, such a correlation is a good candi-
date of an extremal correlation, as a correlation must be
extremal if it is self-testable [18]. Moreover, if this insight
is true, the certifiability of DBx and D
A
y ensures that the
device-independent bounds are attained by a two-qubit
realization, as every extremal correlation in the simplest
Bell scenario has a two-qubit realization [3, 23].
In two-qubit realizations, where projective measure-
ments of rank 1 are performed on a two-qubit entangled
pure state |ψ〉 = cosχ|00〉+sinχ|11〉, since the guessing
probability is given by DBx =tr|ρB1|x−ρB−1|x| [24], with ρBa|x
being Bob’s local state conditioned on a, and similarly for
DAy , we have (see Appendix A for details)
(DBx )
2 = 〈Ax〉2 +sin2 2χ, (DAy )2 = 〈By〉2+sin2 2χ. (7)
It is then found that, for a given {〈AxBy〉, 〈Ax〉, 〈By〉},
the entanglement of |ψ〉 specified by sin2 2χ is determined
as a consistent solution of four quadratic equations to be
S±xy ≡
1
2
[
Jxy ±
√
J2xy − 4K2xy
]
,
Jxy ≡ 〈AxBy〉2 − 〈Ax〉2 − 〈By〉2 + 1,
3Kxy ≡ 〈AxBy〉 − 〈Ax〉〈By〉. (8)
For each x and y, one of the two solutions S±xy agrees with
sin2 2χ. Since DBx and D
A
y are increasing functions of
sin2 2χ as in Eq. (7), we immediately obtain the following
analytical upper bounds in two-qubit realizations:
(DBx )
2 ≤ 〈Ax〉2 + S+xy and (DAy )2 ≤ 〈By〉2 + S+xy. (9)
These hold for every x and y. Note that the simultane-
ous saturation of these eight inequalities requires that
sin2 2χ = S+xy for every x and y, while cases such as
sin2 2χ = S+00 = S
+
01 = S
−
10 = S
+
11 frequently occur in
general two-qubit realizations. We have compared Eq.
(9) with the corresponding device-independent bound ob-
tained numerically (by the random tests as used in Fig.
2 below). The results indicate that, for two-qubit realiza-
tions saturating both Eqs. (4) and (9), the two bounds
agree with each other within numerical accuracy, as ex-
pected. Moreover, it is found that any correlation, whose
(non two-qubit) realization saturates both Eqs. (4) and
(9), and fulfills one more condition∏
xy
[(1− S+xy)〈AxBy〉 − 〈Ax〉〈By〉] ≥ 0, (10)
always has a two-qubit realization (see Appendix A).
Note that Eq. (10) is merely redundant, when two-qubit
realizations only are considered.
Therefore, the necessary and sufficient condition we
propose for the extremality is the simultaneous satura-
tion of the two inequalities given by Eq. (4) and the eight
inequalities given by Eq. (9), and fulfillment of Eq. (10).
To check the validity, it suffices to investigate two-qubit
realizations, because of the existence of a two-qubit re-
alization due to [3, 23] and Eq. (10), and the certifiabil-
ity of DBx and D
A
y already confirmed numerically. We
have performed numerical calculations to check the ne-
cessity of the proposed extremal condition as follows: For
a randomly constructed Bell expression Eq. (1), where
without loss of generality all coefficients are randomly
selected from [−1, 1], a two-qubit realization that maxi-
mizes the expression is obtained via the seesaw iteration
algorithm [15, 16] using the semidefinite programming
package [25]. A correlation picked up in this way using
a random Bell expression (a random hyperplane in the
probability space) could be a point on a non-extremal
boundary, if the hyperplane were precisely parallel to the
boundary. However, such a coincidence is quite rare in
the random tests; hence a point picked up is in practice
always an extremal point. For the same reason, the ran-
dom tests cannot pick up a given extremal point unless it
has infinite supporting hyperplanes. However, an implicit
continuity assumption for the continuous distribution of
the other extremal points justifies this methodology (see,
e.g., Fig. 1 in [18]).
For such realizations obtained randomly, Fig. 1 shows
the relation between the left-hand side (LHS) and the
right-hand side (RHS) of Eq. (4). When the correlation
0 10
1
−0.2 −0.1 0
2
2.8
RHS
LHS
〈AxBy〉
C C
H
SH
∏xysin(φBx−θBy),
〈AxBy〉 /DBx
〈AxBy〉 /DAy
∏xysin(φAy−θAx)
FIG. 1: The relation between the RHS and LHS of Eq. (4)
for 20,000 randomly chosen nonlocal realizations (CCHSH>2),
when 〈AxBy〉 are not scaled (black dots) and are scaled by
DBx or D
A
y (red dots). The fraction of nonlocal realizations
among all realizations is roughly 0.6%. In the inset, both
(
∏
xy
sin(φBx−θ
B
y ), CCHSH) and (
∏
xy
sin(φAy −θ
A
x ), CCHSH) are
plotted for the same realizations (black dots). The blue
dots show the results, where V11 is randomly selected from
[−0.05, 0.05], and V Ax , V
B
y are from [−0.0125, 0.0125] (the oth-
ers are from [−1, 1]), to effectively pick up rare cases.
functions are not scaled by either DAx or D
B
y , the LHS
is less than or equal to the RHS, as shown by the black
dots, which is an expected behavior of the (non-scaled)
TLM inequality. However, as shown by the red dots, the
equality holds when the correlation functions are scaled
by DAx or D
B
y , hence suggesting that the saturation of
Eq. (4) is indeed necessary for the extremality. Note
that the saturation is equivalent to the fulfillment of (see
Appendix A)∏
xy
sin(φBx −θBy ) ≤ 0 and
∏
xy
sin(φAy −θAx ) ≤ 0, (11)
which is numerically more feasible for verifying the sat-
uration of Eq. (4) than checking Eq. (4) itself. Here, φBx
is the angle of the Bloch vector of ρBx , θ
B
y is the angle
of the measurement basis of By, and similarly for Alice.
The inset in Fig. 1 shows the distributions of CCHSH,∏
xy sin(φ
B
x −θBy ), and
∏
xy sin(φ
A
y −θAx ) for realizations
chosen randomly. The results indicate that Eq. (11) is
satisfied for all extremal correlations, which strengthens
the results of the main body of Fig. 1.
We have also performed similar numerical calculations
and confirmed that (DBx )
2−〈Ax〉2 and (DAy )2−〈By〉2 are
closer to S+xy than S
−
xy for every x and y and for all ex-
tremal correlations chosen randomly. Namely, the nu-
merical results suggest that the saturation of Eq. (9) is
also necessary for the extremality.
Let us then investigate the sufficiency. We present the
40 1
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λmax
NPA
 
 

λ=1
FIG. 2: For each of 40,000 randomly constructed realizations,
λmax is obtained using the NPA hierarchy, and (∆, λmax) is
plotted. The inset shows the distribution of CCHSH and ∆,
which indicates that CCHSH≥2 when ∆=0.
numerical evidence that a correlation generated by a two-
qubit realization, which saturates both Eqs. (4) and (9),
is always located at a quantum boundary. In the calcu-
lations, we randomly construct a realization by selecting
θAx , θ
B
y , and χ uniformly. The realization is discarded if
it does not satisfy Eq. (11). Otherwise, it is kept, and
∆ = max
xy
{〈Ax〉2 + S+xy − (DBx )2, 〈By〉2 + S+xy − (DAy )2}
is calculated. The realization constructed in this way sat-
urates both Eqs. (4) and (9) only when ∆=0. Letting p
be the correlation generated by the realization, we then
investigate the quantum realizability of q=λp+(1−λ)I,
where I is the completely random correlation given by
〈AxBy〉 = 〈Ax〉 = 〈By〉 = 0. Concretely, we obtain the
maximum possible value of λ, denoted by λmax, using
the 1+AB level of the NPA hierarchy method for each of
the realizations constructed randomly (including the case
of ∆ 6= 0). Since λmax obtained via the NPA method is
an upper bound such that q is quantum realizable but p
is known to be quantum realizable, λmax=1 means that
p is located at a quantum boundary (see the schematic
picture in Fig. 2). Figure 2 shows the results of the calcu-
lations, which indicate that λmax=1 always holds when
∆=0. We have also confirmed that all data points with
λmax = 1 for ∆> 0 correspond to the edge of the prob-
ability space [min p(ab|xy) = 0]. Note that the device-
independent upper bounds of DBx and D
A
y are typically
monotonically decreasing in λ, while the lower bounds in
Eq. (3) is monotonically increasing [19]. These mono-
tonicities also suggest that p, where the two bounds
meet, must be located at a quantum boundary.
Unfortunately, however, the above calculations cannot
exclude the possibility that p is located at a non-extremal
boundary. In the first place, does there exist any two-
qubit realization that can generate such a non-extremal
0 1
0.6
0.8
1
β
(Dxy)2 (DBx0)2, (DA0y)2
QM
I
PR
PL
T
(DBx1)2, (DA1y)2
FIG. 3: In the correlation space αPR+βPL+(1−α−β)I, the
quantum boundary is the red straight line as proved in [18].
Here, PR is the postquantum correlation produced by the
Popescu-Rohrlich box [4], PL is a local deterministic correla-
tion with 〈Ax〉= 〈By〉=1, and T is a correlation attaining the
Tsirelson bound. Along this boundary, (DBxy)
2 ≡〈Ax〉
2+S+xy
and (DAxy)
2≡〈By〉
2+S+xy are plotted. Since D
B
x =D
A
y =1 at
both edges of the boundary, the correct device-independent
upper bounds are equal to 1 over the entirety of the boundary.
(and nonlocal) boundary correlation? This alone is an in-
triguing but difficult problem as discussed in [26, 27]. In
the case of a correlation whose two-qubit realization sat-
urates both Eqs. (4) and (9), however, the certifiability of
D≡(DB0 , DB1 , DA0 , DA1 ) (confirmed numerically) strongly
constrains the possibility of being a non-extremal bound-
ary correlation. For a correlation written by two ex-
tremal correlations as λp0+(1−λ)p1, a realization with√
λD2(p0)+(1−λ)D2(p1) necessarily exists [19], but it
must coincide withD(λp0+(1−λ)p1) so thatD is unique.
This coincidence is quite unlikely due to the nonlinear
characteristics of the bounds Eq. (9), unless the bounds
are constant over the entirety of the boundary. For ex-
ample, Fig. 3 plots the bounds along the non-extremal
boundary illustrated in the figure, where the nonlinearity
indeed prevents the coincidence. Figure 3 also indicates
that the disagreement between S+11 and S
+
00 = S
+
01 = S
+
10
prevents the simultaneous saturation of Eq. (9). Note
that any two-qubit realization does not exist on the mid-
dle of this boundary as proved in [26]. In the case of local
correlations, however, there exist non-extremal bound-
aries such that the bounds Eq. (9) are constant. For
example, the local non-extremal boundary correlations
〈Ax〉=〈By〉=0, 〈A0By〉=1, 〈A1By〉=λ, (12)
saturate both Eqs. (4) and (9), where D=(1, 1, 1, 1) [18].
However, such a non-extremal boundary (i.e., where the
bounds Eq. (9) become constant) is also unlikely, except
for D = (1, 1, 1, 1), due to the nonlinearity. These ob-
servations combined with the numerical results (and the
initial insight regarding self-testing) motivate us to make
the following conjecture:
Conjecture 1. In nonlocal quantum correlations, a
correlation is extremal if and only if it fulfills Eq. (10)
and the realization saturates Eqs. (4) and (9).
Note that, in the case of unbiased marginals, the sat-
uration of Eq. (9) implies DBx = D
A
y = 1, and Eq. (4)
is reduced to the TLM inequality, as it should be. Our
5conjectured criterion also correctly identifies the analyt-
ical examples of extremal correlations in [28, 29], and
even the non-exposed extremal correlation of the Hardy
point [18, 30]. Moreover, in the case of local correlations,
the inset of Fig. 2 suggests that the criterion ensures the
boundaryness (CCHSH=2), but not necessarily extremal-
ity due to the correlation of, e.g., Eq. (12). Note further
that Fig. 2 also suggests the following.
Conjecture 2. The 1+AB level of the NPA hierarchy
(i.e., almost quantumness [31]) is sufficiently strong to
tightly bound every extremal correlation.
It is immediately noticed that we can eliminateDBx and
DAy by combining Eqs. (4) and (9). The resultant set of
inequalities must suffice for identifying the extremality
by virtue of the certifiability of DBx and D
A
y . However,
separating the extremal condition into Eqs. (4) and (9)
will be advantageous in searching for fundamental prin-
ciples that limit nonlocal correlations, as the principles
leading to Eqs. (4) and (9) will be independent of each
other. For example, the information causality (IC) prin-
ciple [32] successfully explains the Tsirelson bound and
even some curved quantum boundaries [33], and it was
expected that the IC principle could explain every quan-
tum boundary. As noted in [19] (see also Appendix B),
however, the IC principle cannot explain extremal bound-
aries generated from a partially entangled state, as it can-
not explain the saturation of Eq. (4) unless DBx =D
A
y =1,
where Eq. (9) plays no role, i.e., the IC principle is unre-
lated to Eq. (9). On the other hand, the cryptographic
principle possibly explains the saturation of Eq. (4) when
DBx , D
A
y <1 [19], but it cannot explain Eq. (9).
What is the fundamental principle that leads to Eq.
(9)? This is an important open problem, but the phys-
ical meaning of Eq. (7), on which Eq. (9) is based,
is relatively obvious: the entanglement bound for the
guessing probability in an uncertainty game [34, 35].
When Alice and Bob share a maximally entangled state
(sin2 2χ = 1), Bob can perfectly guess Alice’s outcome
for both x = 0, 1 as DBx = 1, and the uncertainty be-
tween A0 and A1 vanishes [1]. The guessing probability
decreases as the entanglement decreases, and for an un-
entangled state (sin2 2χ=0), the guessing probability is
solely determined by the uncertainty ∆Ax=
√
1−〈Ax〉2
as DBx = |〈Ax〉| (see [29, 36, 37] for a slightly different link
between nonlocality and uncertainty). Since correlations
with biased marginals are generated from a partially en-
tangled state, it is natural that the amount of entangle-
ment is involved in the extremality condition. Hence, a
fundamental principle that leads to Eq. (9) must be the
one that more or less explains the entanglement bound
in an information-theoretical way.
The plausible analytical condition that limits the
strength of extremal quantum correlations in the simplest
Bell scenario was determined. We hope that this analyt-
ical condition will result in a new fundamental principle
behind quantum mechanics to be found.
The author would like to thank the anonymous ref-
erees for pointing out Eq. (12) and for suggestions on
improving the presentation of this paper. This work was
supported by JSPS KAKENHI Grant No. 17K05579.
Appendix A: Two-qubit realization
Here, the details of two-qubit realizations, where pro-
jective measurements of rank 1 are performed on a two-
qubit entangled state |ψ〉, are described. By applying
appropriate local unitary transformations, Alice’s and
Bob’s observables are written as
Ax = cos θ
A
x σ1 + sin θ
A
x σ3, By = cos θ
B
y σ1 + sin θ
B
y σ3,
(A1)
where (σ1, σ2, σ3) are the Pauli matrices. Since any Bell
expression is then maximized when ρ = |ψ〉〈ψ| is real
symmetric, |ψ〉 can be expressed by further rotating the
local bases as
|ψ〉 = cosχ|00〉+ sinχ|11〉 (0<χ≤π/4). (A2)
Under this parameterization, we have
〈AxBy〉 = sin θAx sin θBy + cos θAx cos θBy sin 2χ, (A3)
〈Ax〉 = sin θAx cos 2χ, (A4)
〈By〉 = sin θBy cos 2χ. (A5)
Moreover, define the angles φBx and φ
A
y as
trAAx|ψ〉〈ψ|= 〈Ax〉
2
I +
DBx
2
(cosφBx σ1 + sinφ
B
x σ3),
trBBy|ψ〉〈ψ|= 〈By〉
2
I +
DAy
2
(cosφAy σ1 + sinφ
A
y σ3).(A6)
It is found that
DBx =
√
sin2 θAx + cos
2 θAx sin
2 2χ = tr|ρB1|x−ρB−1|x|,
DAy =
√
sin2 θBy + cos
2 θBy sin
2 2χ = tr|ρA1|y−ρA−1|y|,(A7)
where ρBa|x=trA
I+aAx
2
|ψ〉〈ψ| and ρAb|y=trB I+bBy2 |ψ〉〈ψ|.
Let us then determine the entanglement specified by
sin2 2χ for a given {〈AxBy〉, 〈Ax〉, 〈By〉}. Eliminating θAx
and θBy from Eqs. (A3)–(A5), we have
〈AxBy〉 = 〈Ax〉〈By〉
cos2 2χ
±sin 2χ
√
1− 〈Ax〉
2
cos2 2χ
√
1− 〈By〉
2
cos2 2χ
,
and thus we have the quadratic equation for cos2 2χ, i.e.,
cos4 2χ+ (Jxy − 2) cos2 2χ+K2xy − Jxy + 1 = 0. (A8)
Since this must hold for every x and y, there are four
quadratic equations in total. Two solutions of each
quadratic equation are given by sin2 2χ=S±xy.
Let us see that, when a (non two-qubit) realization of
a correlation simultaneously saturates the scaled TLM
inequalities, (DBx )
2 ≤ 〈Ax〉2+S+xy, (DAy )2 ≤ 〈By〉2+S+xy,
6and further fulfills
∏
xy[(1− S+xy)〈AxBy〉−〈Ax〉〈By〉]≥0,
the correlation also has a two-qubit realization. When
S+xy=1, sinceD
B
x , D
A
y ≤1, it is found thatDBx =DAy =1 in
the original realization, and the existence of a two-qubit
realization is obvious from the TLM criterion. When
0<S+xy<1, a two-qubit realization can be constructed as
follows: first determine χ from sin2 2χ= S+xy, and next
determine sin θAx and sin θ
B
y from Eq. (A4) and Eq. (A5),
respectively. This two-qubit realization can reproduce
〈AxBy〉 of the original realization by adjusting the signs
of cos θAx and cos θ
B
y , as S
+
xy is a solution of Eq. (A8), and∏
xy[〈AxBy〉−〈Ax〉〈By〉cos2 2χ ] ≥ 0. Moreover, since DBx and DAy
of the two-qubit realization are the same as those of the
original realization, the two-qubit realization saturates
the scaled TLM inequality, if the original realization does.
Note that
sin θAx = D
B
x sinφ
B
x , cos θ
A
x = D
B
x cosφ
B
x / sin 2χ,
sin θBy = D
A
y sinφ
A
y , cos θ
B
y = D
A
y cosφ
A
y / sin 2χ,(A9)
hence,
〈AxBy〉
DBx
= cos(φBx − θBy ),
〈AxBy〉
DAy
= cos(φAy − θAx ).
(A10)
When C˜xy=cos(φx−θy)≡cos δxy, by noticing that
C˜00C˜01 − C˜10C˜11 = cos δ00 cos δ01 − cos δ10 cos δ11
= cos(δ00 − δ01)− cos(δ10 − δ11)
− sin δ00 sin δ01 + sin δ10 sin δ11
= − sin δ00 sin δ01 + sin δ10 sin δ11,
it is not difficult to see that the necessary and sufficient
condition for the saturation of the scaled TLM inequality
is given by sin δ00 sin δ01 sin δ10 sin δ11≤0.
Appendix B: Insufficiency of IC principle
We briefly noted in [19] that the information causality
(IC) principle is insufficient for the full identification of
the quantum boundaries for bipartite settings, no matter
what protocol is considered. However, the paper was
criticized because the explanation was considered unclear
or the point was completely misunderstood. Here, we
explain the point in more detail.
Let us recall the derivation of the IC principle. In the
general setting of communication, where Alice is given a
bit string ~x=(x1, x2, · · · ) and sends ~m to Bob as a mes-
sage, the information about ~x obtainable by Bob is char-
acterized by the mutual information I(~x : ~mρB), where ρB
is the state of Bob’s half of the no-signaling resources.
Using the no-signaling condition and the information-
theoretical relations respected by quantum mechanics, it
was shown in [32] that
I(~x : ~mρB) ≤ H(~m)−H(~m|~xρB) ≤ H(~m). (B1)
u1
u2
a1
a2
u3
a3
v1
b1
v2
b2
v3
b3
Alice Bob
m
→
x
→
classical message
•
•
•
ρB
premeasurement
     local state
FIG. 4: A protocol may connect the quantum boxes in a
complicated way; regardless, let us denote the outputs of the
boxes as ~a=(a1, a2, · · · , an). To achieve the maximum limit
set by the IC principle, the protocol must satisfy H(~m|~xρB)=
0, i.e., Bob must be able to completely determine ~m from ~x
and his local state ρB. The message ~m is constructed from
~a and ~x, but ~a is ambiguous for Bob. Can Alice construct
an unambiguous message ~m by using the ambiguous output
~a from the quantum boxes?
Since the entropy H(~m) cannot exceed the number of
bits in ~m, the IC principle is derived. Here, we consider
the case where the number of message bits is finite such
that H(~m) is finite.
The point is that the term H(~m|~xρB) in Eq. (B1) is
inevitably nonzero in some cases; hence, the saturation
of Eq. (B1) is impossible. Namely, the IC principle has
omitted the nonnegligible term in its derivation.
Suppose that Alice and Bob share n identical “quan-
tum boxes”, each of which accepts inputs (u, v) and pro-
duces outputs (a, b) according to the conditional proba-
bilities p(ab|uv), where the simplest Bell scenario is con-
sidered (see Fig. 4). A protocol may connect the inputs
and outputs of the n boxes in a complicated way, but let
us denote Alice’s outcomes as ~a=(a1, a2, · · · , an), where
ai is the outcome of the i-th quantum box. Now, con-
sider a correlation located at an extremal boundary and
showing DBu < 1. This means that Bob’s local states (of
a single box) for different values of a become nonorthog-
onal; thus, he cannot completely determine a. Since DBu
is generally upper bounded in a device-independent way,
his ambiguity about a is inevitable, irrespective of the
details of the realization of the quantum box. In this
way, each ai has ambiguity for Bob. This ambiguity is
so strong that he cannot determine ~a even if he knows ~x
(and even if he knows all of Alice’s inputs ~u to the boxes),
i.e., H(~a|~xρB) > 0. Since ~m is constructed from ~x and
~a, it is clear from Eq. (B1) that any protocol whose ~m
contains the information of ~a and H(~m|~xρB)> 0 cannot
achieve I(~x : ~mρB)=H(~m).
Note that no redundant coding technique can reduce
Bob’s ambiguity about ~a, as the ambiguity originates
from ρB, which is not under Alice’s control. For exam-
ple, ~a~a~a has exactly the same ambiguity as ~a for Bob.
7If Alice postselects the boxes with the same output a to
multiply Bob’s local state such as ρBa|u⊗ρBa|u⊗ρBa|u⊗· · · , she
can reduce Bob’s ambiguity, but such postselection is not
allowed. Although Alice can control the value of a via
the input u to some degree, a is nevertheless determined
in a probabilistic way by p(a|u), and it is impossible to
completely eliminate Bob’s ambiguity about a.
More concretely, let us consider the quantum box that
is realized by a pure partially entangled state and show-
ing DB0 , D
B
1 < 1. Namely, the outcome a is ambiguous
for both u = 0 and 1, and all ai’s are always ambigu-
ous for Bob. The only way for H(~m|~xρB) = 0 is that
~m does not contain any information of ~a at all. This
is because, since ~m is constructed from ~a and ~x, and
thus H(~m|~a~xρB)= 0, we have H(~m|~xρB)=H(~m|~xρB)−
H(~m|~a~xρB) = H(~a|~xρB)−H(~a|~m~xρB) = I(~a : ~m|~xρB).
Namely, H(~m|~xρB) = 0 implies I(~a : ~m|~xρB) = 0; any
information about ~a must not be obtained via ~m. In
this case, the achievement of I(~x : ~mρB) = H(~m) may
be possible (the IC inequality can be saturated even in
a purely classical case [38]), but the protocol does not
utilize the quantum correlation at all. This protocol, of
course, cannot explain the outperformance of the pure
entangled state at all (recall that every pure entangled
state violates some Bell inequality [39]), and hence can-
not explain the corresponding extremal boundary.
This is the case of the quantum box showing DB0 < 1
but DB1 = 1. Namely, the outcome a is ambiguous only
when u=0. To achieve H(~m|~xρB)=0, the protocol can
only utilize the unambiguous outcomes when u= 1. In
this case, however, without changing the performance of
the protocol, we can replace all ai’s corresponding to ui=
0 with a fixed value, e.g., 1 (because these are not used),
and the correlation produced by the quantum boxes is
replaced with the classical one. This implies that the
behavior of the protocol can be simulated exactly using
classical correlations; hence, this protocol cannot explain
the outperformance of the pure entangled state again.
In the other remaining case where DB0 =D
B
1 =1, if the
quantum box is realized by a pure partially entangled
state, the produced correlation is classical, because Al-
ice’s measurement bases for u=0 and 1 both agree with
the Schmidt basis of the pure state.
From the above, it is concluded that the nonlocal ex-
tremal boundaries that can be tightly explained by the
IC principle are those realized by a maximally entangled
state, where DB0 =D
B
1 =D
A
0 =D
A
1 =1.
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